On flower-tree dessins and their Belyi functions (Communications in Arithmetic Fundamental Groups) by 小松, 亨
Title On flower-tree dessins and their Belyi functions(Communications in Arithmetic Fundamental Groups)
Author(s)小松, 亨




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University







( ) 3 0, 1, $\infty(\in \mathrm{P}^{1})$ Bel $\beta$ : $\mathrm{P}^{1}arrow \mathrm{P}^{1}$
$*_{\text{ }}\mathrm{f}$ 0, $1\in \mathrm{P}^{1}$ ( $\infty$ ) $[0, 1]$ $\beta^{-1}([0,1])$ $\mathrm{P}^{1}$
$\text{ }\backslash$ 7[ Grothendieck $\mathrm{d}\mathrm{e}\Re \mathrm{i}\mathrm{n}$ d’enfant ( [
dessin) 0, 1 $\text{ ^{}\backslash }\text{ }$ $\beta^{-1}(0),$ $\beta^{-1}(1)$ 2 ( $\bullet$ , $\cross$ )
2 Belyi $\beta$ dessin
$\beta^{-1}([0,1])$ 2
2 Bel $\beta$ dessin “ ” A. Grothendieck
[Gr] “ ” $\mathrm{P}^{1}$
Figure 2.1(cf. 2 )
Belyi
dessin G (cf. [Di])




Figure l.la, l.lb 6, 7
Figure l.la Figure 1Jb
lDepartment of Mathematics, Tokyo Metropolitan University, 1-1 Minami-Ohsawa Hachioji-
shi Tokyo, 192-0397Japan $\mathrm{E}$-mail:trkomatu@comp metro $\mathrm{u}$.ac.jp
1267 2002 26-47
26
4 tree (Figure 12) flower-tree
Figure 12
flower-troe ( 4 tree ) 1
( 1 ) $Q_{i}$ $Q_{i}$
( )
Definition (Type of flower-tree). We call the graph in the Figure 12 $a$ flower-tree
of type $\{m_{1}, m_{2}, \ldots, m_{t}\}$ . Here $\{m_{1}, m_{2}, \ldots, m_{t}\}$ is amulti-set.
Remark. Both graphs of Figure 13are called flower-trees of type {2, 3, 4, 5, 6} due
to the definition. One calls their trees Leila’s flowers [Scl].
Figure 13
flower-tree I [AdSh], [JoSt], [Scl],[Shl],[ShZv], [Zal], [Za2],[Za3]
flower-tree Belyi [Scl] {2, 3, 4, 5, 6}
[ [ShZv] $\{m, n, k\}$ $\{m, m, n, n, n\}$ $\{m, m, n, n, n, n, n\}$
$\{m, m, n, k\}$ $\{m, m, m, n, k\}$ ($m,$ $n,$ $k$ )
$\mathbb{C}$ flower-tree Belyi
(cf. [Za2],[Za3]) 1 G. Shabat-
A. Zvonkin [ShZv] [ShZv]
1
$D_{g}$ genus $g$ dessin ( [Scl]
) $\mathbb{Q}$ Galois G $\sigma\in G_{\mathbb{Q}}$ $(X, \beta)\in D_{g}$
$(X, \beta)^{\sigma}=(X‘, \beta^{\sigma})$ ($X,$ $\beta$
–
$\mathbb{Q}$ )
Proposition LL The action of $G_{\mathbb{Q}}$ on $D_{g}$ is faithfdl for each $g\in \mathbb{Z},$ $g\geq 0$ .
$g=0$ Proposition 12 $g\geq 1$ M. Miyashita
[Mi] tree( dessin) $\mathcal{T}(\subset D_{0})arrow$
27
Proposition 1.2(H. W. Lenstra Jr.-L. Schneps[Scl]). The action of $G_{\mathbb{Q}}$ on $\mathcal{T}$ is
faithful.
flower-tree $\mathcal{F}\mathcal{T}(\mathrm{C}\mathcal{T})arrow$
Conjecture 13(flower-tree conjecture ( ), $\mathrm{K}$-L. Zapponi). The absolute
Galo gmup $G_{\mathbb{Q}}$ acts faithfully on $\mathcal{F}\mathcal{T}$ .
Conjecture 13 flower-troe Be
2. Main results
Be flower-tree $\{m, m, n, \ldots, n\}$ ($m$ 2 $n$ )
$j\{$ $\}$ $l-j$
Figure 2.1
Definition (j-th flower-tree of type $\{m,$ $m,$ $n,$ $\ldots,$ $n\}$). The center of aflower-tree
of type $\{m, m, n, \ldots, n\}$ has $(l+2)$ edgae. On the $(l+2)$ verticae adjacent to the
center, two of them have $m$ edges and the others have $n$ edges, respectively. We call
the graph in the Figure 2.1 $j$ -th fiower-tree of tyPe $\{m, m, n, \ldots, n\}$ if there exists
$j$ adjacent vertices having $n$ edges between two adjacent vertices having $m$ edges.
Theorem A. Theoe $e\dot{m}ts$ a set of polynomials $\{c_{k}(r, S)\in \mathbb{Q}[r, S]|k\in \mathbb{Z}, k\geq 0\}$
with a following $propen_{\Psi}$. Let 1 $m$ and $n$ be positive integers mile $m\neq n$ . For each
solution $s$ of the equation $c_{l+1}(m/n, S)=0$ ,
$\beta_{l}(m, n;s)(X)=(sX^{2}+X+1)^{m}(\sum_{k=0}^{l}c_{k}(m/n, s)X\ovalbox{\tt\small REJECT}$
is $a$ Belyi function whose dessin is $a$ flower-tree of type $\{m, m, n, \ldots, n\}$ . Heoe
the numbers of $m$ and $n$ in $\{m, m, n, \ldots, n\}$ are equal to 2and $l$ , respectively.
Conversely, every flower-toee of such type can be constructed in this way, exoept
for $(l/2)$ -th with even $l$ . The $(l/2)$ -th one is obtained by $\beta\iota/2(m, n;0)(X^{2})$ .
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ A $\{m, m, n, \ldots,n\}$ flower-trae
$\{c_{k}(r, S)\}_{k=0}^{\infty}$





$[x]$ $x$ (integer part) $c_{l+1}(r, S)=0$ [
Proposition 2.1. With notations as above, all of the solutions of $c_{l+1}(m/n, S)=0$
are real numbers, and they are distinct.
Theorem A
Theorem C. Let $s_{0}<s_{1}<\cdots<s[(l+1)/2]-1$ be the solutions of $c_{l+1}(m/n, S)=0$ .
Then the dessin of $\beta_{l}(m, n;s_{j})(X)$ is the $j$ -th flower-tree of type $\{m, m, n, \ldots, n\}$ .
Theorem $\mathrm{C}$
3 Theorems $\mathrm{A},$ $\mathrm{B}$ , Proposition 2.1, $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}\mathrm{C}$
4 5 Belyi
Acknoutledgement. The author is most grateful to Professor Dr. Hiroaki Nakamura
not only for giving opportunity to talk at the symposium which he organized, but
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3. Sketch of proof of main results
\S 3.1 Elementary property of $c_{k}(r, S)$
$c_{k}(r, S)$ $c_{k}(r, S)\in \mathbb{Q}[r, S]$
$c_{k}(r, S)= \sum_{\dot{l}=0}^{[k/2]}\frac{(-1)^{k-\dot{\iota}}}{(k-2i)!i!}(\prod_{j=0}^{k---1}(r+j))\dot{S}$ $(k\in \mathbb{Z}, k\geq 0)$




for $m,$ $n\in \mathbb{Z}$ with $m,$ $n>0$ .
$\{c_{k}(r, S)\}_{k=0}^{\infty}$ ( )
Lemma 3.2. For each $k\in \mathbb{Z}$ with $k\geq 1$ , we have
$(2r+k-1)Sc_{k-1}(r, S)+(r+k)c_{k}(r, S)+(k+1)c_{k+1}(r, S)=0$ .
$mof$ of Pmposition3.1. $\mathrm{Y}=1/(SX^{2}+X+1)^{r}$
(3.1) $(SX^{2}+X+ \mathfrak{h}\frac{\partial \mathrm{Y}}{\partial X}+r(2SX+1)\mathrm{Y}=0$
Lemma 32 $\sum_{k=0}^{\infty}c_{k}(r, S)X^{k}$
6 (3.1) $X$ $1/(SX^{2}+X+1)^{r}$
$\sum_{k=0}^{\infty}c_{k}(r, S)X^{k}$ $X$
$r,$ $S$ $X=0$ 1
$1/(SX^{2}+X+1)’= \sum_{k=0}^{\infty}c_{k}(r, S)X^{k}$ . $\square$
Proposition 3.1 $1/(SX^{2}+X+1)’$ $(SX^{2}+X+1)^{-f}$ $SX^{2},$ $X,$ $1$
3 Lemma 32 $\sigma\supset \mathrm{l}\mathrm{e}\mathrm{m}\mathrm{m}\mathrm{a}$
Lemma 3.3. Let $k\in \mathbb{Z}$ be $a$ non-negative intcger and $r_{1}\in \mathrm{R}a$ positive real
number. Then
(i) $c_{k}(r_{1},0)\neq 0$ ,
(\"u) $c_{k}(r_{1}, s)\neq \mathrm{O}$ for any $s\in \mathbb{C}$ sat ing $c_{k+1}(r_{1}, s)=0$ .
Pmof. (i) $c_{k}(r_{1},0)=(-1)^{k}( \prod_{j=0}^{k-1}(r_{1}+j))/k!\neq 0$ . (\"u) $\mathrm{A}\mathrm{a}$
$c_{k}(r_{1}, s)=c_{k+1}(r_{1}, s)=0$ $s\in \mathbb{C}$ $c_{0}(r, S)=$
$1\neq 0$ $k\geq 1$ Lemma 32 $(2r_{1}+k-1)sc_{k-1}(r_{1}, s)=0$ .
(i) s\neq 0 $2r_{1}+k-1>0$ $c_{k-1}(r_{1}, s)=0$ . $\mathrm{H}\mathrm{p}$
$c_{0}(r_{1}, s)=0$ $(r, S)=1$ $c_{k+1}(r_{1}, s)=0$
$s\in \mathbb{C}$ [ $c_{k}(r_{1}, s)\neq 0$.
\S 32 Ramification of the covering $\beta\iota(m, n;s)$
$\beta_{l}(m, n;s)$ Belyi
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Proposition 34. Let $l,$ $m$ and $n$ be positive integers. Let $s$ be $a$ solution of
$\ovalbox{\tt\small REJECT}_{+}.(m/n, S)\ovalbox{\tt\small REJECT} 0$ . Then $\beta_{l}(m, n;s)$ is $a$ Belyi function.
$\beta\iota(m, n;s)(X)=(sX^{2}+X+1)^{m}(\sum_{k=0}^{l}c_{k}(m/n, s)X^{k})^{n}$
3 0, 1, $\infty$ $l,$ $m,$ $n,$ $s$
$\beta(X)=\beta\iota(m, n;s)(X)$ 0, 1, $\infty$
$P=0,1,$ $\infty$ $A_{P}=\{X\in \mathrm{P}^{1}|\beta(X)=P\},$ $N_{P}=\# A_{P}$
$A=A_{0}$ $A_{1}$ $A_{\infty}$ $\beta$ : $\mathrm{P}^{1}arrow \mathrm{P}^{1}$ $x$ $e(x)$
(3.2) $\sum_{x\in A}(e(x)-1)=3\deg\beta-N_{0}-N_{1}-N_{\infty}$ .
$\deg\beta$ [ $\mathrm{A}$ ‘ Lemma 33 $s\neq 0,$ $c_{l}(m/n, s)\neq 0$
(3.3) $\deg\beta=2m+ln$ .
N0} $s\neq 0,$ $c_{l}(m/n, s)\neq 0$
(3.4) $N_{0}\leq l+2$ .
(3.4)
1: $(sX^{2}+X+1)( \sum_{k=0}^{l}c_{k}(m/n, s)X^{k})=0$
$N_{1}$ [ $c_{l+1}(m/n, s)=0$ Proposition 3.1
$\beta(X)=(sX^{2}+X+1)^{m}(\sum_{k=0}^{l+1}c_{k}(m/n, s)X\ovalbox{\tt\small REJECT}$






N $\beta(X)$ $A_{\infty}=\{\infty\}$ ,
(3.6) $N_{\infty}=1$ .
0, 1, $\infty$ ( )
(3.7)





Lemma 3.5 (Riemann-Hurwitz formtfla (cf. [Sil])). Let $\phi$ : $C_{1}arrow C_{2}$ be $a$ non-
constant separable map of smooth curves over $a$ field K. Then
2
$g_{1}-2 \geq(\deg\phi)(2g_{2}-2)+\sum_{P\in C_{1}}(e_{\phi}(P)-1)$,
where $g_{i}$ is the genus of $C_{i}$ . $Fu\hslash her$, equality holds if and only if either.
(i) char(A) $=0$;or
(ii) char(K) $=p>\mathrm{O}$ and $p$ does not divide $e_{\phi}(P)$ for all $P\in C_{1}$ .
Proof of Proposition 3.4. Lemma 3.5 $(g_{1}=g_{2}=0)\mathrm{B}>\text{ }$
2 $\deg\beta-2\geq\sum_{x\in \mathrm{F}^{1}}(e(x)-1)$ .
$\text{ }$ (3.2) (3.7)
$\sum_{x\in \mathrm{P}^{1}}(e(x)-1)\geq 3(2m+ln)-(l+2)-(2m+ln-l-1)-1$
$=2(2m+ln)-2$
$=2$ d $\beta-2$ .
(3.4),(3.5),(3.7)
$\beta(X)$ Belyi
\S 3.3 Discriminant of the equation $c_{k}(r, S)=0$
Proposition 2.1
$c_{k}(r, S)=0$ $k<4$ $c_{k}(r, S)=0$
$k\geq 4$ $c_{k}(r, S)$ $S$
$h_{k}(r)$ $c_{k}(r, S)=0$ $S:(i=1, \ldots, [k/2])$
$c_{k}(r, S)=h_{k}(r). \prod_{1\leq 1\leq[k/2]}(S-s:)$
.






Proposition 3.6. We have
$d_{k}(r)=C_{k}\mathfrak{D}_{k}(r)$ ,
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wheoe $C_{k}=d_{k}(1)/\mathfrak{D}_{k}(1)\in \mathbb{Q}^{\mathrm{x}}$ and
$d_{k}(1)=\{$ $2^{k-1}/(k+1)^{(k-1)/2}(k+1)^{k/2-1}$ otherw$ise$.
if $k$ is even,
$c_{k}(r, S)/h_{k}(r)$ $S$ [ $[k/2]$ monic $\mathbb{Q}[r]$
$d_{k}(r)\in \mathbb{Q}[r]$ . $\mathbb{Q}[r]$ Dedekind domain Dedekind domain
monic (cf. \S 6.1)
Lemma 37. For each $j\in \mathbb{Z}$ with $1\leq j\leq[k/2]-1$ , we have $(r+k-j-1)^{j}|d_{k}(r)$
in $\mathbb{Q}[r]$ .
Proof.
$c_{k}(r, S)/h_{k}(r)= \sum_{i=0}^{[k/2]}\frac{(-1)^{[k/2]-i}[k/2]!}{(k-2i)!i!}(\prod_{j=k-[k/2]}^{k-i-1}(r+j))S^{i}$ .
$1\leq j_{1}\leq[k/2]-1$ $\in \mathbb{Z}$ [ $r+k-j_{1}-1\in \mathbb{Q}[r]$
$c_{k}(r, S)/h_{k}(r)$ $S^{i}(i=0,1, \ldots, j_{1})$ Lemma 6.1
$(r+k-j_{1}-1)^{j_{1}}|d_{k}(r)$ . $\square$
$\mathfrak{D}_{k}(r)$ $c_{k}(r, S)$
$c_{k}^{0}(r, S)$ 0 $k\in \mathbb{Z}(k\geq 0)$
$c_{k}^{0}(r, S)= \sum_{i=0}^{[k/2]}\frac{(-1)^{k-i}}{(k-2i)!i!}(\prod_{j=0}^{k-[k/2]-1}(r+j))(\prod_{j=i}^{[k/2]-1}(r+j+1/2))S^{i}$
Lemma 38. We have
$c_{k}(r, S+1/4)=c_{k}^{0}(r, S)$ .
Proof. $c_{0}(r, S+1/4)=c_{0}^{0}(r, S)=1,$ $c_{1}(r, S+1/4)=c_{1}^{0}(r, S)=-r$
1 $k\in \mathbb{Z}(k\geq 1)$
$(2r+k-1)(S+1/4)c_{k-1}^{0}(r, S)+(r+k)c_{k}^{0}(r, S)+(k+1)c_{k+1}^{0}(r, S)=0$
( ) Lemma 32 $c_{k}(r, S+1/4)=c_{k}^{0}(r, S)$
$\square$
$c_{k}(r, S)$ $c_{k}^{0}(r, S)$ Lemma 37
Lemma 38
Lemma 39. For each $j\in \mathbb{Z}$ with $1\leq j\leq[k/2]-1$ , we have $(r+j+1/2)^{j}|d_{k}(r)$
in $\mathbb{Q}[r]$ . $\square$
$d_{k}(r),$ $\mathfrak{D}_{k}(r)$ $\text{ }$ lemma
Lemma 3.10. $\deg_{r}d_{k}(r)\leq[k/2]([k/2]-1)$ .
Proof. $c_{k}^{1}(r, S)=c_{k}(r, rS)/r^{[k/2]}$
$c_{k}^{1}(r, S)=h_{k}(r) \sum_{i=0}^{[k/2]}\frac{(-1)^{[k/2]-i}[k/2]!}{(k-2i)!i!}(\prod_{j=k-[k/2]}^{k-i-1}(1+\frac{j}{r}))S^{i}$ .
$c_{k}^{1}(r, S)$ $S$ $d_{k}^{1}(r)$
$d_{k}^{1}(r)= \prod_{1\leq i_{1}<i_{2}\leq[k/2]}(s_{i_{1}}/r-s_{i_{2}}/r)^{2}=d_{k}(r)/r^{[k/2]([k/2]-1)}$
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$c_{k}^{1}(r, S)/h_{k}(r)$ [ $S$ [ monic $\mathbb{Q}[1/r]$ $d_{k}^{1}(r)\in$
$\mathbb{Q}[1/r]$ . $\deg_{f}d_{k}(r)\leq[k/2]([k/2]-1)$ . $\square$
Proof of Proposition 36. Lemmas 3.7, 3.9 $\mathbb{Q}[r]$ $\mathfrak{D}_{k}(r)|d_{k}(r)$ ,
Lemma 3.10 $\deg_{r}\mathfrak{D}_{k}(r)\leq\deg_{f}d_{k}(r)\leq[k/2]([k/2]-1)$ –
$\deg_{f}\mathfrak{D}_{k}(r)=[k/2]([k/2]-1)$ $\deg_{f}\mathfrak{D}_{k}(r)=\deg_{f}d_{k}(r)=$
$[k/2]([k/2]-1)$ . $C_{k}\in \mathbb{Q}^{\mathrm{x}}$ $d_{k}(r)=C_{k}\mathfrak{D}_{k}(r)$ .




$c_{k}(1, S)=h_{k}(1) \prod_{j=1}^{[k/2]}(S-\frac{1}{4\cos^{2}(\pi j/(k+1))})$ ,
$d_{k}(1)=\{$ $2^{k-1}/(k+1)^{(k-1)/2}(k+1)^{k/2-1}$
$othem\dot{u}e$ .
if $k$ is even,
Proof. $c_{k}(1, S)$ 2 Chebyshev
$($cf. \S $6.2)_{\text{ }}d_{k}(1)$ 1/ $(4 \cos^{2}(\pi j/(k+1)))$
\S 3.4 Solutions of the equation $c_{k}(r, S)=0$
Proposition 2.1 proposition
Proposition 312. Let $k$ be $a$ positive integer greater than 1, and $ra$ positive real
number. Then $c_{k}(r, S)=\mathrm{O}$ has d tinct reabolutions greater than 1/4.
Proposition 3.6 $d_{k}(r)$ $r>0$ $d_{k}(r)\neq 0$
$c_{k}(r, s)=0$ $r>0,$ $s\in \mathbb{C}$ [ $\partial c_{k}(r, s)/\partial S\neq 0$.
(cf. [B1]Chap. $\mathrm{I}\mathrm{I}$)
Lemma 3.13. There enis $a$ unique set $\{s_{j}(r)\}_{j=1}^{[k/2]}$ of analytic jdnctions such that
$\{sj(r_{1})\}_{j=1}^{[k/2]}\dot{\iota}s$ the set of all solutions of $c_{k}(r_{1}, S)=\mathrm{O}$ for every positive real number
$r_{1}>0$ . In particular, $s_{j_{1}}(r_{1})\neq s_{j_{2}}(r_{1})$ for any $r_{1}>0$ and $j_{1}\neq j_{2}$ .
$s_{j}(r)$ $j$ $s_{j}(1)=1/(4\cos^{2}(\pi j/(k+1)))$
Lemma 3.14. For each $r>0$ , the solutions $s_{j}(r)(j=1, \ldots, [k/2])$ of $c_{k}(r, S)=0$are all real, and $s_{1}(r)<s_{2}(r)<\cdots<s[k/2](r)$ .
Proof. $s_{j_{1}}(r_{1})\not\in \mathrm{R}$ $1\leq j_{1}\leq[k/2],$ $r_{1}>0$ Lemma 3.11
$r_{1}\neq 1$ . $U=\{u_{i}\},$ $V=\{v_{\dot{l}}\}$ $u_{1}=1,$ $v_{1}=r_{1\text{ }}$ $(i\in \mathbb{Z}, i\geq 1)$
$(u_{i+1}, v_{i+1})=\{$
$((u:+v_{1}.)/2, v_{\dot{l}})$ if $s_{j_{1}}((u:+v:)/2)\in \mathrm{R}$ ,
$(u:, (u:+v:)/2)$ othenvise,
$\{u_{i}\},$ $\{v:\}$ ( )
$u=.\mathrm{M}_{arrow\infty}.u_{i},$ $v=.\mathrm{M}.arrow\infty v$: (u:-v $=$
$(1-r_{1})/2^{i-1}$ $u=v$. $\mathrm{A}\mathrm{a}$ $\{v:\}$ $s_{j_{1}}(v_{1}.)\not\in \mathrm{R}(v:\in V)$









$\lim$ $1\mathrm{i}\mathrm{n}\mathrm{h}.\in V_{0},iarrow\infty$ $\{u_{i}\}$ $s_{j_{1}}(u)\in \mathbb{R}$
$s_{j_{1}}$
$(u)$ $=s_{j_{2}}(u)$ Lemma 3.131 $1\leq j\leq[k/2]$
$r>0$ { $s_{j}(r)\in \mathbb{R}$ .
$s_{j}(r)(1\leq j\leq[k/2])$ $s_{1}(1)<s_{2}(1)<$
$\ldots<s_{[k/2]}(1)$ . $s_{j_{1}}(r_{1})\geq s_{j_{2}}(r_{1})$ $j_{1}<j_{2}$ $r_{1}$
$s_{j}(r)\in \mathbb{R}(r>0)$ 1 $r_{1}$ $r_{2}\in \mathbb{R}$
$s_{j_{1}}(r_{2})=s_{j_{2}}(r_{2})$ { Lemma 3.131 $s_{j}(r)(1\leq j\leq[k/2])$
$r=1$ $\square$
Lemma 3.15. For each $r>0$ , any solutions of $c_{k}(r, S)=\mathrm{O}$ are greater than 1/4.
Proof. Lemma 38 $c_{k}^{0}(r, S)=0$ ( )
$s\leq 0(s\in \mathbb{R})$
$\frac{c_{k}^{0}(r,s)}{(-1)^{k}\prod_{j=0}^{k-[k/2]-1}(r+j)}=\sum_{i=0}^{[k/2]}\frac{\prod_{j=i}^{[k/2]-1}(r+j+1/2)}{(k-2i)!i!}(-s)^{i}>0$.
$c_{k}^{0}(r, s)\neq 0$ . $\square$
Lemmas 3.14, 3.15 Proposition 3.12 Proposition 2.1
\S 3.5 Difference of dessins of $\beta_{l}(m, n;s)$
$\beta_{l}(m, n;s)$ $\{m, m, n, n, \ldots, n\}$ flower-tree
Proposition 3.16. Let $l,$ $m$ and $n$ be positive integers with $m\neq n$ . For every flower-
tree $T$ of type $\{m, m, n, n, \ldots, n\}$ except for $(l/2)$ -th one, there exists $a$ solution $s$ of
$c_{l+1}(m/n, S)=\mathrm{O}$ such that the dessin of $\beta_{l}(m, n;s)$ coincides with T. The $(l/2)$ -th
flower-tree is obtained by $a$ Belyi function $\beta_{l/2}(m, n;0)(X^{2})$ .
lemma
Lemma 3.17. Let $s_{1}$ and $s_{2}$ be two solutions of $c_{l+1}(m/n, S)=0$ . If $s_{1}\neq s_{2}$ , then
the dessins of $\beta_{l}(m, n;s_{1})$ and $\beta_{l}(m, n;s_{2})$ are distinct.
Proof. $s_{1},$ $s_{2}$ $c_{l+1}(m/n, S)=0$ 2 Proposition 3.4
$\beta_{(j)}=\beta_{l}(m, n;s_{j})(j=1,2)$ Belyi dessin $D_{j}$ $D_{1}=D_{2}$












$\beta_{(j)}$ $\beta_{(j)}^{-1}(\infty)=\{\infty\}$ $\varphi(\infty)=\infty$ . $c=0$ .
1 $\beta_{(j)}^{-1}(1)$ 2 0 $\varphi(0)=0$ .
$b=0$ . $\varphi(X)=aX(a\in \mathbb{C}, a\neq 0)$ 0 $\beta_{(j)}^{-1}(0)$
$m$ $s_{j}X^{2}+X+1=0$ $\alpha_{j}^{\pm}=(-1\pm\sqrt{1-4s_{j}})/2s_{j}$
$\varphi(\alpha_{1}^{+})=\alpha_{2}^{+}$ $\varphi(\alpha_{1}^{+})=\alpha_{2}^{-}$ . $\varphi(\alpha_{1}^{+})=\alpha_{2}^{+}$ $\varphi(\alpha_{1}^{-})=\alpha_{2}^{-}$
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$\alpha_{2}^{+}=a\alpha_{1}^{+},\alpha_{2}^{-}=a\alpha_{1}^{-}$ . 2 $-1/s_{2}=-a/s_{1}$ ,
$1/s_{2}=a^{2}/s_{1}$ . $a^{2}-a=0$ $a\neq 0$ $a=1$ . $s_{1}=s_{2}$
$\varphi(\alpha_{1}^{+})=\alpha_{2}^{-}$ $s_{1}=s_{2}=1/4$ Lemma
3.15 $D_{1}=D_{2}$ $s_{1}=s_{2}$ . $\square$
Proposition 36 $+1(m/n, S)=0$ $[(l+1)/2](=$
$\deg c_{l+1}(m/n, S))$ Lemma 3.17 $c_{l+1}(m/n, S)=0$
Belyi dessin $[(l+1)/2]$ $\{m, m, n, n, \ldots, n\}$
($m$ 2 $n$ $l$ ) flower-tree $l$ $(l+1)/2$ $l$
$(l+2)/2$ $l$ $\{m, m, n, n, \ldots, n\}$
flower-troe $\beta_{l}(m, n;s)$ $l$ $\beta_{l}(m, n;s)$
dessin 1 $(l/2)$ flower-troe
$(l/2)$ flower-troe ( )
flower-troe $\beta_{l}(m, n;s)$ 1 $A_{1}$
2 $0\in A_{1}$ 0 $A_{0}$ $m$
$(-1\pm\sqrt{1-4s})/2s\in A_{0}$ $\beta_{l}(m, n;s)$ daesin 0
$(-1+\sqrt{1-4s})/2s=-(-1-\sqrt{1-4s})/2s$
$s\in \mathbb{C}$ $\beta_{l}(m, n;s)$ dessin t
$(l/2)$ flower-troe Bel $\{m, n, n, \ldots, n\}$
flower-tree ($m$ 1 $n$ $(l/2)$ ) Be
Lemma 3.18. Let $l,$ $m$ and $n$ be positive integers $wimm\neq n$ . Assume $l$ even.
Then $\beta_{l/2}(m, n;0)(X)$ is $a$ Belyi function whose dessin is the flower-tree of type $\{m$ ,
$n,$ $\ldots,$ $n\}$ . Heoe $n$ $(l/2)$ times in $\{m, n, \ldots, n\}$ . Mooeover, $\beta_{l/2}(m, n;0)(X^{2})$ $a$
Belyi function whose dessin is the $(l/2)$ -th flower-toee of type $\{m, m, n, \ldots, n\}$ . Here
$m$ is tuice and $n$ $l$ times in $\{m, m, n, \ldots, n\}$ .
Proof. $\beta_{l/2}(m, n;0)(X^{i})(i=1,2, \ldots)$ Belyi \S 3.2
$\beta_{l/2}(m, n;0)(X)$ dessin 12
$\{m, n, \ldots, n\}$ flower-tree $\{m, n, \ldots, n\}$ flower-tree
$\beta_{l/2}(m, n;0)(X)$ $\{m, n, \ldots, n\}$ flower-troe
Belyi $\beta_{l/2}(m, n;0)(X^{2})$ $\{m, m, n, \ldots, n\}$ flower-tree
$\beta_{l/2}(m, n;0)(X^{2})=\beta_{l/2}(m, n;0)((-X)^{2})$ dessin i 0
$(l/2)$ flower-troe
Proposition 3.16
\S 36 One-t\sim 0ne correspondence between dessins and Belyi functions
$\beta_{l}(m, n;s)$ $\{m, m, n, n, \ldots, n\}$ flower-tree
$\beta_{l}(m, n;s)$ flower-tree
$\beta_{l}(m, n;s)$ ( ) $\hat{\beta_{l}}(r;s)$
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}\mathrm{C}$
$l\in \mathbb{Z}(l\geq 1)$ |
$r\in \mathbb{R}(r>0)$ 0 $k\in \mathbb{Z}(k\geq 0)$ 2 ${}_{r}C_{k}$
$\prime C_{k}=\frac{r(r-1)\cdots(r-(k-1))}{1\cdot 2\cdots k}$
$(,C_{0}=1)$ $r\in \mathrm{R}(r>0)$ 0 $\alpha\in \mathbb{C}(\alpha\neq 0)$
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$P(r, \alpha)(X)\in \mathbb{Q}(r, \alpha)[[X]]$
$P(r, \alpha)(X)=\sum_{k=0}^{\infty}{}_{r}C_{k}\alpha^{k}X^{k}$
Lemma 3.19. We have $P(r, \alpha)(X)=(1+\alpha X)^{r}$ in $\mathbb{Q}(r, \alpha)[[X]]$ . For every point
$x$ in the disk $B_{\alpha}=\{x\in \mathbb{C}||x|\leq 1/|\alpha|\}$ the series $P(r, \alpha)(x)$ converges absolutely.
In par icular, $P(r, \alpha)(x)\neq \mathrm{O}$ for $x\in B_{\alpha}$ with $x\neq-1/\alpha$ .
Proof. $P(r, \alpha)(X)$ $1/|\alpha|$
$\{x\in \mathbb{C}||x|<1/|\alpha|\}$ $x$ $P(r, \alpha)(x)$
$P^{\cdot}(r, \alpha)(x)1\mathrm{h}\#\mathrm{g}\mathrm{X}\mathrm{f}\mathbb{R}\mathrm{X}\text{ _{ }}_{\text{ }^{}-}\ovalbox{\tt\small REJECT} \text{ }\sum_{\text{ }}k\infty|=0{}_{r}C_{k}|\mathrm{B}\grave{>}\mathbb{R}\text{ }\ovalbox{\tt\small REJECT} \text{ }.\text{ }\mathrm{B}\backslash \text{ }\ovalbox{\tt\small REJECT}\{x,\in \mathbb{C}.||x|=1/|\alpha|\}\text{ }g_{r}|\mathrm{g}\backslash x.\mathrm{U}\text{ }*l_{\text{ }^{}\prime}B_{\alpha}\text{ _{}\mathrm{t}\backslash }\mathrm{f}\mathrm{i}_{X}|’*\text{ }\mathrm{f}\text{ ^{}-}C|P(r,\alpha)(x)|=|1+\alpha x|^{r}$
$x\in B_{\alpha},$ $x\neq-1/\alpha$ $P(r, \alpha)(x)\neq 0$ . $\square$
$\{x\in \mathbb{C}||x|\leq 1\}$ $\mathcal{U}$ $s\in \mathbb{R}(s>0)$
$\chi_{s}$ : $\mathbb{C}arrow \mathcal{U}$
$\chi_{s}(x)=\{$
$sx/(sx+1)$ if ${\rm Re}(x)\geq-1/2s$ ,
$(sx+1)/sx$ otherwise,
$\alpha_{1}(s)=(1-2s+\sqrt{1-4s})/2s,$ $\alpha_{2}(s)=(1-2s-\sqrt{1-4s})/2s$
$r,$ $s\in \mathbb{R}(r, s>0)$ l
$\hat{\beta_{l}}(r;s)(X)=(\frac{P(r,\alpha_{1}(s))P(r,\alpha_{2}(s))}{P(r,-1)^{2}}\mathrm{o}\chi_{s}(X))(\sum_{k=0}^{l}c_{k}(r, s)X^{k})$
$f\circ g(X)=f(g(X))$
Proposition 320. For positive real numbers $r,$ $s\in \mathbb{R}(r, s>0)$ with $s>1/4$ , the
map
$\hat{\beta_{l}}(r;s)$ : $\mathrm{P}^{1}$ $arrow$ $\mathrm{P}^{1}$
$x(\in \mathbb{C})$ $\mapsto\hat{\beta_{l}}(r;s)(x)$
$\infty$ $\mapsto$ $\infty$
is well-defined and continuous. Moreover, we have
$\hat{\beta_{l}}(m/n;s)(X)^{n}=\beta_{l}(m, n;s)(X)$
for positive integers $m,$ $n\in \mathbb{Z}(m, n\geq 1)$ .
Proof. $s>1/4$ $|\alpha_{1}(s)|=|\alpha_{2}(s)|=|-1|=1$ . Lemma 3.19 $\mathbb{C}$
$x(\in \mathbb{C})$ { $P(r, \alpha_{1}(s))(\chi_{s}(x)),$ $P(r, \alpha_{2}(s))(\chi_{s}(x)),$ $P(r, -1)(\chi_{\mathit{8}}(x))$
$1\not\in\chi_{\mathit{8}}(\mathbb{C})$
$\mathrm{O}\not\in P(r, -1)(\chi_{s}(\mathbb{C}))$ $\hat{\beta_{l}}(r;s)$
well-defined. $\hat{\beta_{l}}(r;s)$ $\{x\in \mathbb{C}|{\rm Re}(x)\neq-1/2s\}$
limx\in C, $\hat{\beta_{l}}(r;s)(x)=\infty$ $\infty$ $\{x\in \mathbb{C}|{\rm Re}(x)=$
$-1/2s\}$ $x_{1}$ 2 $\lim_{xarrow x_{1}-0}\hat{\beta_{l}}(r;s)(x)$ ,






2 3 $\chi_{\epsilon}(X)$ $sX/(sX+1)$ $(sX+1)/sX$
$\hat{\beta_{l}}(m/n;s)(X)^{n}$ $=\beta\iota(m, n;s)(X)$ .
Lemma 3.13 $k=l+1$ $s_{j}(r)$ 1 $s(r)$




Proposition 3.20 $m,$ $n\in \mathbb{Z}(m, n\geq 1)$ $\beta_{l}(m, n;s(m/n))$ [
$\mathcal{U}$ $\mathcal{W}(m/n)$ Bel $\beta_{l}(m, n;s(m/n))$
flower-tree $T(m, n)$ $\mathcal{W}(m/n)$ $T(m, n)\subset \mathcal{W}(m/n)$ .
$\mathcal{W}(m/n)$ 2 $(l+2)$ $\mathcal{W}_{\dot{l}}(m/n)(1\leq i\leq l+2)$
( ) :
$\mathcal{W}_{i}(m/n)\approx \mathcal{U}$ (homeomorphic) for $1\leq i\leq l+2$ ,
$\mathcal{W}_{\dot{\iota}_{1}}(m/n)\cap \mathcal{W}_{\dot{l}_{2}}(m/n)=\{0\}$ for $1\leq i_{1}\leq i_{2}\leq l+2$.
$\mathcal{W}_{1}.(m/n)$ $(l+2)$ $(s(m/n)X^{2}+X+1)( \sum_{k=0}^{l}c_{k}(m/n, s(m/n))X^{k})=0$
1 $s(m/n)X^{2}+X+1=0$ $\mathcal{W}_{1}(m/n)$ ,
$\ovalbox{\tt\small REJECT}(m/n)$ $T(m, n)$ $j$ $\{m, m, n, \ldots, n\}$ flower-tree
$\mathcal{W}_{1}(m/n)$ $\mathcal{W}_{2}(m/n)$ $j$ $\mathcal{W}_{\dot{l}}(m/n)$ 0
( $(l-j)$ ) $\mathcal{W}_{\dot{l}_{1}}\cap \mathcal{W}_{\dot{l}2}=\{0\}(i_{1}\neq i_{2})$
$X+1=0\text{ }T(m, n)$ \emptyset \subset k(mg/\mbox{\boldmath $\theta$}n) – A
$\square$
il+–2W1$\mathcal{W}_{i}\text{ }\mathrm{A}^{\mathrm{a}}1(m/n)$ $\mathcal{W}_{2}(m\text{ }\mathrm{B}_{1} \text{ }.\text{ }\vee\supset\vee\supset\text{ }s(m./n)X^{2}/n)\text{ }|^{\vee}jffl\text{ }ffl\text{ }\mathcal{W}_{1}(m/n)\text{ }$




$m_{1},$ $n_{1}\in \mathbb{Z}(m_{1}, n_{1}\geq 1)$ $T(m_{1}, n_{1})$ $j$ flower-troe
$m,$ $n\in \mathbb{Z}(m, n\geq 1)$ $T(m, n)$ $j$ flower-troe
$m=n=1$ $\{m, m, n, \ldots, n\}$ $(m\neq n)$ $j$
$s(1)X^{2}+X+1=0$ 0
$\sum_{k=0}^{l}c_{k}(1, s(1))X^{k}=0$ 0 $j$ $j$
flower-troe $T(1,1)$ $j$ flower-troe
$m,$ $n\in \mathbb{Z}(m, n\geq 1)$ $T(m, n)$ $j$ flower-troe
Lemma 3.13 $\{s_{j}(r)\}_{j=1}^{[(l+1)/2]}$ $s(r)=s_{j_{1}}(r)$
$T(1,1)$ $(j_{1}-1)$ flower-troe Lenmm 314
$r\in \mathrm{R}(r>0)$ $s_{1}(r)<s_{2}(r)<\cdots<s[(l+1)/2](r)$ .
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}\mathrm{C}$




4. Remarks on main results
\S 4.1 Discriminant conjecture
flower-tree Shabat-Zvonkin
Conjecture 4.1 (Shabat-Zvonkin [ShZv]). Let $m_{1},$ $m_{2},$ $\ldots,$ $m_{t}$ be distinct $t$ pos-
itive integers. Let $T$ be $a$ flower-tree of type $\{m_{1}, \ldots, m_{1}, m_{2}\ldots, m_{t}\}$ , where the
numbers of $m_{i}$ are equal to $k_{i}$ , respectively. Then the “discriminant” of $T$ sphts into
linear factors of the $fom$
$a_{1}m_{1}+a_{2}m_{2}+\cdots+a_{t}m_{t}$
where $a_{i}$ are integers with $0\leq a_{i}\leq k_{i}$ . Besides, the ($‘ discriminant$ ”has $a$ numeric
factor whose $pr^{*}ime$ divisors are less than $k_{1}+k_{2}+\cdots+k_{t}$ .
$\{m, m, n, \ldots, n\}$ flower-tree “discriminant” \S 3.3
$d_{k}(r)$ $d_{l+1}(m/n)$ (“$\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{t}$ ”
[ShZv] ) $\text{ }$ Proposition 36 $d_{l+1}(m/n)$ :
$m+(l-j)n$ $(j\in \mathbb{Z}, 1\leq j\leq[(l+1)/2]-1)$ ,
$2m+(2j+1)n$ $(j\in \mathbb{Z}, 1\leq j\leq[(l+1)/2]-1)$ ,
$n$ .
(numeric factor) $C_{l+1}=d_{l+1}(1)/\mathfrak{D}_{l+1}(1)$
$d_{l+1}(1)$ $\max\{2, l+2\}=l+2$ $\mathfrak{D}_{l+1}(1)$ max 2+
$2([(l+1)/2]-1)+1\}(\leq l+2)$ $l+2$ $C_{l+1}$





$\mathfrak{D}_{l+1}(1)$ $(l+2)$ $(l+2)^{(l+1)/2-1}$ . $d_{l+1}(1)$
T $C_{l+1}$ $l+2$
Proposition 42. Conjecture 4.1 is true for the case of type $\{m, m, n, \ldots, n\}$ .




\S 4.2 Moduli field
flower-tree moduli field dessin $D$
moduli field dessin $\overline{\mathbb{Q}}$
Belyi $\beta_{D}$ $\mathbb{Q}$ Galois
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$G\mathbb{Q}$ G
$G_{D}=$ {\sigma \in G $|D$ $(\beta_{D}^{\sigma})^{-1}([0,1])$ $\mathrm{P}^{1}$ }
$D$ moduli field $M_{D}$ $M_{D}=\overline{\mathbb{Q}}^{G_{D}}$ ( $G_{D}$ $\overline{\mathbb{Q}}$ )
Proposition 43(Shabat [Sh2](cf. [ShZv])). For every tree $T$, theve enists $a$ Belyi
function for $T$ defined over $M_{T}$ .
Proposition 44. With notations as in the Theorem $A$ , let $T$ be the flower-toee of
$\beta\iota(m, n;s)$ . Then $M_{T}=\mathbb{Q}(s)$ .
Proof. moduli field $M_{T}\subseteq \mathbb{Q}(s)$ $G_{T}$ $\sigma$ 1
$c_{l+1}$ ($m/n$, S)\in Q[ $\sigma(s)$ $+1(m/n, S)=0$
$\sigma(s)\neq s$ Lemma 3.17 $T$ $T^{\sigma}$ $\sigma\not\in G_{T}$
$\sigma(s)=s$ $M_{T}=\mathbb{Q}(s)$ .
\S 4.3 Simpler trees
flower-troe 1
troe Be $X$ 2 troe $X^{m}(m\geq 2)$
$\{m, n, \ldots, n\}$ ($m$ 1 $n$ $l$ ) flower-tree Belyi $\beta_{l}(m, n;0)(X)$
3 tree $\{m, 1, \ldots, 1\}$ ($m$ 1 1 $l-1$ )
flower-troe Belyi $\beta_{l-1}(m, 1;0)(X)$
$\mathbb{Q}$ Belyi $M_{T}=\mathbb{Q}$ . $\{m, m, n, \ldots, n\}$
flower-troe $M_{T}\neq \mathbb{Q}$ non-trivial troe (cf. Q52, 53)
\S 44 Remark on Proposition 2.1
Proposition 2.1
Lemma 32 \S 3.3, 3.4
Proposition 2.1
\S 3.3, 3.4 Shabat-Zvonkin
( ) $\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{b}\mathrm{a}\mathrm{t}-\mathrm{Z}\mathrm{v}\mathrm{o}\mathrm{n}\mathrm{h}.\mathrm{n}$
Proposition 4.5. Assume that Conjectuoe4.1is true for $a$ flower-tree T. Then the
extension $M_{T}/\mathbb{Q}$ unmmified at any prime div or goeater than $|T|$ , where $|T|$ is
the number of edges of $T$.
proposition Conjecture 13 ( )
5. Some examples
$l=1,3,5$ Bel
\S 5.1 $l=1$ c e
$c_{2}(r, S)=r(r+1)/2-rS=-r(S-(r+1)/2)$ $c_{2}(m/n, S)=0$
$(m+n)/2n$. Belyi $\beta_{1}(m, n;(m+n)/2n)$





$+$ (higher terms of degree greater than 5).
$m=3,$ $n=4$ Belyi $\beta_{1}(3,4;7/8)$
$\beta_{1}(3,4;7/8)=\frac{27783}{131072}X^{10}-\frac{6615}{16384}X^{9}-\frac{945}{16384}X^{8}-\frac{75}{128}X^{7}+\frac{3325}{2048}X^{6}$
$+ \frac{21}{256}X^{5}+\frac{105}{256}X^{4}-\frac{35}{16}X^{3}+1$ .
Belyi $\beta_{1}(3,4;7/8)$ dessin [
Figure 5.1
\S 5.2 $l=3$ case
$c_{4}(r, S)= \frac{r(r+1)}{2}(S^{2}-(r+2)S+\frac{(r+2)(r+3)}{12})$
$c_{4}(m/n, S)=0$ $\ovalbox{\tt\small REJECT}$
$s_{\pm}= \frac{3(m+2n)\pm\sqrt{3(m+2n)(2m+3n)}}{6n}$ .
Belyi $\beta_{3}(m, n;s\pm)$
$\beta_{3}(m, n;s_{\pm})=(s_{\pm}X^{2}+X+1)^{m}(\sum_{k=0}^{3}c_{k(\frac{m}{n}}, s_{\pm})X\ovalbox{\tt\small REJECT}$
$=1+( \frac{m(m+n)(m+2n)(2m+3n)(4m+7n)}{60n^{4}}$
$\pm\frac{m(m+n)(m+2n)(2m+3n)\sqrt{3(m+2n)(2m+3n)}}{36n^{4}})X^{5}$
$+$ (higher terms of degree greater than 5).
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$m=6,$ $n=5\sigma)\mathrm{g}\mathrm{g}s_{-}=2/5,$ $s_{+}=14/5\vee \mathrm{C}^{\theta}h0_{\backslash }k\hslash \mathrm{f}\mathcal{X}\iota\emptyset$ Belyi $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}[] \mathrm{g}$
Belyi $\beta_{3}(6,5;2/5),$ $\beta_{3}(6,5;14/5)$ dessin}
Figure 5.2
$\{m, m, n, n, n\}$ flower-tree moduli field
Proposition 51. For every real quadratic field $F$, there nist infinitely many flower-trees $T$ of type $\{m, m, n, n, n\}$ such that $M_{T}=F$.




$\mathbb{Z}(m_{1}, n_{1}\geq 1)$ $3(m_{1}+2n_{1})(2m_{1}+3n_{1})=d((2m_{1}+3n_{1})u_{1})^{2}$ .
$\{m_{1}, m_{1}, n_{1}, n_{1}, n_{1}\}$ flower-tree $T$ moduli field $M_{T}$ $\mathbb{Q}(\sqrt{d})$
\S 5.3 $l=5$ c e
$f(r, S)=120S^{3}-180(r+3)S^{2}+30(r+3)(r+4)S-(r+3)(r+4)(r+5)$
$c_{6}(r, S)=-r(r+1)(r+2)f(q, S)/720$ $C,$ $E\subset \mathrm{P}^{2}$
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$C$ : $f(r, S)=0$ ,
$E$ : $y^{2}=x^{3}-2475x$ -5850,
$\varphi,$
$\psi$ :
$\varphi$ : $C$ $arrow$ $E$
$(r, S)$ $\mapsto$ $(x, y)=(15( \frac{16S}{r+3}-3), 120(\frac{4-30S}{r+S}+3))$ ,
$\psi$ : $E$ $arrow$ $C$
$(x, y)$ $\mapsto$ $(r, S)=(3( \frac{160}{15x+y+315}-1), \frac{2(x+45)}{15x+y+315})$ .
$\psi\circ\varphi=\mathrm{i}\mathrm{d}_{C},$ $\varphi\circ\psi=\mathrm{i}\mathrm{d}_{E}$ $r\in \mathbb{Q}$ 3
$f(r, S)\in \mathbb{Q}[S]$ $\mathbb{Q}$ $\psi(P)=(r, s)(s\in \mathbb{Q})$ $E$
$\mathbb{Q}$- $P=(x, y)\in E(\mathbb{Q})$ (
) H $f(r, S)=0$ $\mathbb{Q}$ $E$
$\mathbb{Q}$ Mordell-We $E(\mathbb{Q})$ Simath
$E(\mathbb{Q})\simeq \mathbb{Z}\oplus \mathbb{Z}/3\mathbb{Z}$
$C(\mathbb{Q})$ $C_{+}=\{(r, S)\in C(\mathbb{Q})|r>0\}$
$E(\mathbb{Q})$ $r$ ( 3
$f(r, S)$ $\mathbb{Q}$ $r\in \mathbb{Q},$ $r>0$ )
$\ovalbox{\tt\small REJECT}=(75, -480)\in E(\mathbb{Q})_{\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{s}}$ $\psi(P_{0})=(-5/2,1/4)\not\in C_{+}$ .
Proposition 52. The function $\beta_{5}(33,124;69/248)(X)$ has the minimal degree
among Belyi functions whose dessins are flower-trees of type $\{m, m, n, n, n, n, n\}$
$(m\neq n)$ and which are defined over $\mathbb{Q}$ .
Proof. $P_{1}=$ (-221/9, 5408/27) $\in E(\mathbb{Q})$ $\psi(P_{1})=(33/124, 69/248)$
$\beta_{5}(33,124;69/248)(X)$ $33\cross 2+124\cross 5=686$ . 686
$\{m, m, n, n, n, n, n\}$ flower-tree
$0<m\leq(686-5)/2$ $0<n\leq(686-2)/5$
$m,$ $n$ $f(m/n, S)$ $\mathbb{Q}$
2
$m=2008145,n=1653242$ $\beta_{5}$ (2008145,1653242; 2227251/3306484)(X)
Belyi 12282500
$E$ (naive (Weil) height
canonical height)
$\mathbb{Q}$ Belyi $\beta_{l}(m, n;s)$
$r=m/n\in \mathbb{Q}$ “ ” $f(r, S)=0$ $s\in \mathbb{Q}$
“ ” $\varphi$ { $P=\varphi((r, S))$ “ ”(naive height)
$E$ naive height canonical height
( $E$ ) (cf. [Si2])





Proposition 5.3. For every positive rational number $r\in \mathbb{Q}(r>0)$ , the equation
$f(r, S)=\mathrm{O}$ has at most one rational solution.
lemma( ) $P_{0}=(75, -480)$ $P_{0}\in E(\mathbb{Q})_{\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{s}}$
3
Lemma 54. If $\psi(P)\in C_{+}for$ $a$ point $P\in E(\mathbb{Q})$ , then $\psi((-1)^{j_{1}}P+j_{2}P_{0})\not\in C_{+}$
for each $(j_{1},j_{2})\in\{(0,1), (0,2), (1,0), (1,1), (1,2)\}$ . $\square$
Sketch of proof of Pmposition5.3. $r\in \mathbb{Q}(r>0)$
$s_{1},$ $s_{2}\in \mathbb{Q}$ $f(r, S)=0$ $E(\mathbb{Q})$ $P_{\dot{l}}(i=1,2)$ $P_{1}$. $=\varphi((r, s:))$
$P_{1}$ $P_{2}$ canonical height $|\hat{h}(P_{1})-\hat{h}(P_{2})|$
MordeU-We $E(\mathbb{Q})$ $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\mathrm{Z}}E(\mathbb{Q})$ 1 $\hat{h}\circ[n]=n^{2}\hat{h}$
$r$ $\hat{h}(P_{1})=\hat{h}(P_{2})$ canonical height
$\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\mathrm{Z}}E(\mathbb{Q})=1$ $P_{1}+P_{2}$ $P_{1}-P_{2}$ torsion point




Coroll $\mathrm{x}\mathrm{y}$ 5.5. For positive integers $m$ and $n$ with $m\neq n$ , the set of three flower-
trees of type $\{m, m, n, n,n, n, n\}$ does not spht completely into three $G_{\mathbb{Q}}$ -orbits.
Corollary 5.6. Let $m$ and $n$ be positive integers wiih $m\neq n$ , and $Ta$ flower-tree
of type $\{m, m, n, n, n, n, n\}$ . Then the moduli field $M_{T}$ of $T$ $a$ cychc cubic field if
and only if $(m+4n)(2m+3n)$ $a$ perfect square in $\mathbb{Z}$ .
Corollary 56 Belyi $(m, n)=$
$(37,2)$ 84 modul field (conductor)
$2709=3^{2}\cdot 7\cdot 43$ 3
[ShZv] $(m+4n)(2m+3n)$ ( $m=t^{2}+6t-3,$ $n=$
$t^{2}-4t+2(t\in \mathbb{Z}, t\geq 4)$ ) $f(m/n, S)$ $\mathbb{Q}$
$M_{T}$ 3 Hilbert




\S 6.1 Relation between coefficients and discriminant
Lemma 3.7(Lemma 3.9)
$R$ Dedekind $F$ $f(X)$ $d$ monic
$F$ $f(X)$ $F$ $\overline{F}$ $\alpha_{j}$
$f(X)= \prod_{j=1}^{d}(X-\alpha_{j})$ $f(X)$ $\mathfrak{X}$ (
d c(f)
$=. \prod_{\lrcorner 1<1<j_{2}\leq d}(\alpha_{j_{1}}-\alpha_{j_{2}})^{2}$
Lemma 6.1. Let $f(X)$ be $a$ monic polynomial of the $fomf(X)= \sum_{|=0\mathit{9}:}^{d}.X^{:}$ uith
$g_{i}\in R$ , and $\mathfrak{p}$ an integral ideal of R. If $\mathit{9}:\in \mathfrak{p}$ for every $i$ with $0\leq i\leq i_{0}$ , then
$\mathfrak{p}^{i_{0}}|$ d c(f).
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Proof. monic $f(X)= \sum_{i=0}^{d}g_{i}X^{i}$ disc(f)
$M$ $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}(f)=(-1)^{d(d-1)/2}\det(M)$ (cf. [Co] \S 3.3)
$\det(M)$ $M$ $M$ $(2d-1)\cross(2d-1)$




(6.1) $\prod_{i=1}^{d-1}\langle g_{i-1},g_{i-2}, \ldots, g_{0}, h_{i}, h_{i-1}, \ldots, h_{1}\rangle|\det(M)$ .
$\langle r_{1}, r_{2}, \ldots, r_{s}\rangle$ $r_{i}\in R(1\leq i\leq s)$ $R$ ideal
(6.1) $\prod_{i=1}^{d-1}$ $i$ $M$ $(2d-i)$ $h_{i}$
$\langle g_{i-1}, g_{i-2}, \ldots, g_{0}, h_{i}, h_{i-1}, \ldots" h_{1}\rangle=\langle g_{i}, g_{i-1}, \ldots, \mathit{9}0\rangle$
$d-1$
$\prod\langle g_{i},g_{i-1}, \ldots,g\mathrm{o}\rangle|\det(M)$ .
$i=1$
ideml $\mathfrak{p}$ $(0\leq i\leq i_{0})$
$\mathfrak{p}|$ $\langle g_{i_{0}}, g_{i_{0}-1}, \ldots,g_{0}\rangle|\cdots|$ $\langle g_{2},g_{1},g_{0}\rangle|$ $\langle g_{1},g_{0}\rangle$ .
$\mathfrak{p}^{i_{0}}|\det(M)|$ disc(f).
\S 6.2 Chebyshev function of second kind
Lemma 3.11 2 Chebyshev
1 Chebyshev Chebyshev $\cos(k\arccos x)$
2 Chebyshev $\sin(k\arccos x)$ $U_{k}(x)$
(cf. [BoEr] \S 2.1)
$U_{k}(x)= \frac{1}{k+1}\frac{\partial\cos((k+1)\arccos x)}{\partial x}=\frac{\sin((k+1)\arccos x)}{\sin(\arccos x)}$ .






Lemma 62. We have
$\frac{1}{y^{2}-2xy+1}=\sum_{k=0}^{\infty}U_{k}(x)y^{k}$ .






$U_{k}(x)=(x_{1}^{k+1}-x_{2}^{k+1})/(x_{1}-x_{2})$ $x_{1},$ $x_{2}$ $U_{k}(x)\in \mathbb{Q}(x)$ .
$x_{1},$ $x_{2}$ $\mathbb{Q}[x]$ $U_{k}(x)=x_{1}^{k}+x_{1}^{k-1}x_{2}+\cdots+x_{2}^{k}$ $\mathbb{Q}[x]$
$U_{k}(x)\in \mathbb{Q}[x]$ . $\dot{d}_{1}.+\dot{d}_{2}.\in \mathbb{Q}[x](j\geq 1)$
$x_{1}+x_{2}=2x,$ $x_{1}^{j+1}+\dot{d}_{2}^{+1}=(x_{1}+x_{2})(d_{1}+x_{2}^{J})-(\dot{d}_{1}^{-1}+’ \mathrm{y}^{-1})$
[ $j\geq 1$ $\dot{d}_{1}+\dot{d}_{2}=2^{j_{X}j}+$ (10wer terms of degree less than $j$ )
$U_{k}(x)=(x_{1}^{k}+x_{2}^{k})+(x_{1}^{k-2}+x_{2}^{k-2})+\cdots$
(6.2)
$=2^{k}x^{k}+$ (lower terms of degree less than $k$).
‘ $x=\cos(\pi j/(k+1))(j\in \mathbb{Z})$
$x_{1}=\cos(\pi j/(k+1))+\sqrt{-1}\sin(\pi j/(k+1))=\exp(\pi\sqrt{-1}j/(k+1))$ ,
$x_{2}=\exp(-\pi\sqrt{-1}j/(k+1))$
$x_{1}^{k+1}=x_{2}^{k+1}=(-1)^{j}$ . $j=1,2,$ $\ldots,$ $k$ $x_{1}\neq x_{2}$
$\cos(\pi j/(k+1))(j=1,2, \ldots, k)$ $U_{k}(x)$ $k$ (6.2)
$U_{k}(x)=2^{k} \prod_{j=1}^{k}(x-\cos(\pi j/(k+1)))$ .




$\text{ }$ . $1/4\cos^{2}(\pi j/(k+1))(j=1,2, \ldots, [k/2])$ $c_{k}(1, S)=0$
1/4 $\cos^{2}(\pi j/(k+1))(j=1,2, \ldots, [k/2])$ $\deg_{S}c_{k}(1, S)=[k/2]$
Lemma 3.11 $c_{k}(1, S)$
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